The square of a block is vertex pancyclic  by Hobbs, Arthur M
JOURNAL OF COMBINATORIAL THEORY @) 20, l-4 (1976) 
The Square of a Block is Vertex Pancyclic 
ARTHUR M. HOBBS 
Texas A & M University, College Station, Texas 77843 
Communicated by W. T. Tutte 
Received July 15, 1973 
In [2], J. A. Bondy asked if it is true that if the square G2 of a graph is 
Hamiltonian, then G* is vertex pancyclic. He had proved this conjecture 
for trees, and he suggested that it should be tested for blocks, which 
Fleischner [5] proved have Hamiltonian squares. In this paper, using 
results of Chartrand et al. [3] and Fleischner [4], we show that if G is a 
block or if G is a bridgeless connected DT-graph, then G2 is vertex pan- 
cyclic. 
We use the notation and terminology of Behzad and Chartrand [l]. 
Throughout this paper, G denotes a graph. We represent all walks by 
their sequences of vertices. V,(G) is the set of vertices of G of degree k. 
If P = vo , v1 )...) v,q ) a, is a path with vertices 0, , o1 ,..., and v, , then 
w> = h , 02 ,a.*, v,-~}. If P is a nontrivial path in G, we say P is suspended 
in G if I(P) C V,(G). Given a subgraph H of G, we use G - H to denote 
the subgraph (G - E(H)) - T/,(G - E(H)) of G. G is a DT-graph if 
each edge of G is incident with a member of V,(G). G is Hamiltonian 
connected if for each pair (v, w) of vertices of G, there is a Hamiltonian 
path in G whose ends are v and w. If G has at least three vertices, G is 
vertexpuncyclic if for each vertex v of G there are cycles Qi in G such that 
Qt has length i and v E V(Q,) for each i E {3,4,..., 1 V(G)]}. G2 is the graph 
with V(G2) = V(G) such that two vertices are adjacent in G2 if and only if 
their distance in G is 1 or 2. 
The following theorems are useful in the proofs: 
THEOREM A (Hobbs and Mitchem [6]). Let G be a cyclic block which 
is not a cycle. Let v be a vertex of G and let K be a cycle in G. Then there is a 
suspended path P in K such that v $ I(P) and G - P is a block. 
THEOREM B (Chartrand et al. [3]). Let G be a cyclic block. Then G2 
is Hamiltonian connected. 
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THEOREM C (Fleischner [4]). Let G be a connected bridgeless DT- 
graph with at least three vertices. Then G2 is Hamiltonian connected. 
The following two lemmas are very easy, so their proofs are omitted. 
An end edge of a path is an edge of the path which meets a vertex of 
degree 1 in the path. 
LEMMA 1. Let P be a path with at least 3 vertices. Then P2 contains a 
Hamiltonian cycle which includes the end edges of P. 
LEMMA 2. Let G be a cycle. Then G2 is vertexpancyclic. 
The hearts of the proofs of the main theorems of this paper are contained 
in the following lemma: 
LEMMA 3. Let G be a connected graph. Let B be a proper subgraph of G 
with at least two vertices such that B is either a cycle or a path, and suppose 
there is a path P, suspended in G, which includes all of the vertices of B. 
Let G, = G - B, and suppose XC V(G,). Let x = min[3, 1 XI]. Suppose 
that G12 is Hamiltonian connected and suppose that there is a cycle Ri in 
GIa of length i with XC V(R,) for all i E {x, x + l,..., 1 V(G,)l}. Then G2 
includes cycles Qi of length i with XC V(Q,)for all i E {x, x + l,..., ] V(G)/). 
Proof. Let n = I V(G)/ and let r = I V(G,)l. If r = n, the lemma is 
immediate. Let r < n. Let 1 be the number of vertices of P not in G1 . 
Since B is a proper subgraph of G and G is connected, B includes a vertex b 
which meets an edge ab of G not in B. Since P is suspended in G, b is an 
end vertex of P. Let d be the vertex of P adjacent to b. For 
i E {x, x + l,..., r], let Qi = Ri . Since G12 is Hamiltonian connected, 
we may let cl, c2 ,..., c, , c1 be a Hamiltonian cycle in Gla such that 
c,=aandc, =b.Thenc,,~,,...,c,,d,c,isacycleoflengthr+linG~. 
If 2 = 1, we are done. Otherwise for every iE(2, 3,..., l}, let Pi be the 
subpath of P which includes bd and has length i. By Lemma 1, Pia has a 
Hamiltonian cycle fi,, ,fir , j& ,...,hi , j& such that b = fi,, and d = fiI . 
Then Q,+ = c1 , c2 ,..., c, ,fil ,..., hi ,fiO is a cycle in G2 of length r + i 
and Q7+i includes X. Since r + I = n, the lemma follows. 
THEOREM 1. The square of a block with at least three vertices is vertex 
pancyclic. 
Proof. Let the block be G and let v E V(G). If G is a cycle, the theorem 
follows from Lemma 2. Suppose the theorem is true for all cyclic blocks 
with k - 1 or fewer edges and suppose G has k edges. By Theorem A, 
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there is a suspended path P of G such that G1 = G - P is a block and 
u $ Z(P). By Theorem B, G12 is Hamiltonian connected. By the induction 
hypothesis, Gle satisfies the other condition of Lemma 2 with X = {u} 
and B = P. Hence G2 has the required cycles by Lemma 3, so G2 is 
pancyclic. The theorem follows by induction. 
THEOREM 2. The square of every connected bridgeless DT-graph with 
at least three vertices is vertex pancyclic. 
Proof. Let v be an arbitrary vertex of a connected bridgeless DT-graph 
G. The theorem has been proved already if G is a block. Thus we may 
suppose the theorem is true for all connected bridgeless DT-graphs with 
at least three vertices and k - 1 or fewer edges, and we may suppose G 
has k edges and is not a block. 
Case 1. Suppose G has a suspended path P such that G, = G - P is 
bridgeless and v I# Z(P), Clearly G - P is a DT-graph. Since G has no 
bridge, G - P is also connected. By Theorem C, G12 is Hamiltonian 
connected. By induction, G12 satisfies the other conditions of Lemma 3 
with B = P and X = (v>. Hence G2 is vertex pancyclic by Lemma 3. 
Case 2. No such path exists. Since G is not a block, G has an end block 
B whose vertex w in common with G - B is the only vertex of B which 
might be v. Since no path P exists such that G - P is a bridgeless graph 
and v 6 I(P), B is a cycle by Theorem A. Since G - B is a connected 
bridgeless DT-graph which includes v, the conditions of Lemma 3 are 
satisfied with Gr = G - B and X = {v}, by Theorem C and the induction 
hypothesis. Thus G2 is vertex pancyclic. The theorem follows by induction. 
THEOREM 3. Let S be a suspended path in a cyclic block G such that 
n = I V(G)] 3 3. Let s = max(3, 1 Z(S)l}. Then in G2 there exist cycles Qi 
such that Qi has length i and Z(S) C V(QJ for each i E (s, s + l,..., n}. 
Proof. If G is a cycle, we take paths of length s, s + l,..., n, in G such 
that each path includes S, and then apply Lemma 1. Thus we may suppose 
G is not a cycle. Suppose the theorem is true for all blocks with fewer 
edges than G has. Let v E Z(S). By Theorem A, there is a suspended path 
P of G such that v $Z(P) and G - P is a block. Hence Z(P) n Z(S) = ,a. 
Let G, = G - P. Since G, is a block, G12 is Hamiltonian connected by 
Theorem B. The other conditions of Lemma 3 are satisfied with X = Z(S) 
and B = P, by the induction hypothesis. Therefore, by Lemma 3, there 
are cycles Qi in G2 such that Q6 has length i and Z(S) C V(Q,) for each 
i E {s, s + I,..., n}. The theorem follows by induction. 
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